Rigid Body Dynamics of a
Spinning Truncated Cone
Immersed in a Pressure Field

Marc A. Murison

Astronomical Applications Department
U.S. Naval Observatory
Washington, DC

murison@riemann.usno.navy.mil
http://aa.usno.navy.mil/murison/

17 March, 1998

=l Euler Equations of Motion for a Rigid Body

I restart;
dias(l =1,y =y (t),q=q(t),f =f(t),WX=WX(t),Wy=Wy(t),WZ=WZ(t),VVf =Wf(t),Wy =Wy(t),
Wq=Wq(t))

In the frame of reference attached to the rotating body (the body frame), the equations of motion
are
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[ latex( EulerEgs, "d:/dynamics/precession/EulerEgs.tex)

where IX, Iy, |Z are the principal moments of inertia of the body, WX, Wy, WZ are the angular
velocities of the body about the principal axes, and KX, Ky, KZ are the components of the torque

| acting on the body.
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=I Eulerian Angle Transformation

=] Rotation Matrix

Construct arotation matrix that transforms coordinates from the fixed frame (X,Y,Z) to the
| body frame (x,y,z). Firgt, rotate the coordinates ccw around the Z axis.

gcos(f) sin(f) Ou
rl::gsin(f) cos(f) Ou
g o 0ol

[ Next, rotate ccw around the X' axis.

g o o4
r2:= cos(y) sin(y )H

L €0 -sin(y) cos(y)u

[ Next, rotate ccw around the Z" axis.

ecos(q) sin(q) Ou
r3 ::g-sin(q) cos(q) OH
e 0 0 1u

[ Now combine the rotations into a single rotation matrix.

R:=
L (p,g,r)® evam((subs(q=r, eva(r3)) &* subs(y =q,eva(r2))) &* subs(f =p, eval(rl)))

[ Hence, we have the coordinate transformation

mat(x,y, z) =R(f,y,q) & mat(X, Y, Z)

(DXDIDID

N < X

coCcc
1]

[cos(q) cos(f ) - sin(q) cos(y ) sin(f ) , cos(q) sin(f ) + sin(q) cos(y ) cos(f ) , sin(q) sin(y )]
[-sin(q) cos(f ) - cos(q) cos(y ) sin(f ) , - sin(q) sin(f ) + cos(q) cos(y ) cos(f ) ,
cos(q) sin(y )]

[sin(y ) sin(f ), -sin(y ) cos(f ) , cos(y )] &*

MDD
N < X
coocco

[ latex (%, "d:/dynamics/precession/FixedToBody.tex")

The diagram below illustrates the three rotations.
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7 Figurel

X

=l Angular Velocity Vector in the Body Frame

The angular velocity vector may be decomposed into components along each of the rotation
axes used to construct the transformation matrix. 1f we transform those componentsto the
body frame, then we can express the angular velocity vector in the body frame in terms of the
Euler angles (f, y, gq). The component of Walong the first rotation axis, as viewed in the body

| frame, is
= evalm(R(0 &* mat(0, 0, 1 el
w, = evam(R(0,y, q) &* mai( ))ﬂtro“
esm(q)sn(y)u .
0
w = gos(q) sin(y ) it
L e cos(y) u 2

[ The component along the Y* axisis, in the body frame,

=evam(R(0,0,q) &* athOaal9
Wy =ev m( (v 1q) m (v ’ ))gﬂtyé
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[ Finally, the component along the Z" axisis ssmply

_ il
wq =mat(0, 0, 1) g‘ﬂt qE

o o
CCCCC

q

(DM¥DDID-
Q-H-O:

gq

[ Hence, we have the angular velocity vector in the body frame,

=
,—..

W:mataseqae\/alm(wf) +evam(w ) +evam(w_ ) ,i=1..300
) Yy’ aq’ =
I, 1 1 i, 1 90

ey O o U

—f = u

Gyt £ S0y ) + Gy Zoos(@)f

==l o 0 ¥

W—e ."tf 5005(q) sin(y) - g."ty gsn(q)ﬁ

e @0 Ao

| é g‘ﬂt Ecos(y) g‘ﬂt 9% U

[ latex(%, "d:/dynamics/precession/OmegaBodyFrame.tex)
[ Obody := convert(rhs(%), vector)

=I Rigid Body Equations— General Case

=] Equations of Motion

[ Substituting back into the Euler equations, we find
Xyz:=[xY, 7]
M=l |y, ]

subsgseqadV. _ (t) = Obody, , k=1.. 3¢ evam(EulerEgs) 0
& & K 5 5

élx?ﬁ%f%sin(q)sin(y)+gﬂ—ygcos(q)gg
(-1 f3 9l (2
(1,- 1) Ez. f Zcos(q) sin(y ) - gﬂty Zsin(a) 266 1 zcos(y) + %m
e e O 0 00
B, By By poos s~ oy B2
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Y <0y .a Qg ¢ % . U
(e 1) &g T Esn(@) sin(y )+ y 2 CS(Ol)ngt Scos(y) + gﬂtq—— vi
6 ol e 0§ 660
8z &t By | 500 ) g 9555
sl o 9 o O ol 0 0
+ (1, - 1) B F=sin(a) sin(y ) + oy >cos(a) 2B 1 >cos(a) sin(y) - §o v %o ()2
n
28
§ aen taé)/oilgﬂz ﬂ—z ﬂ—z Al dffu Ifé =1.. 30§
gseogco ecg gﬂq )’ ﬂtﬂt ,sin(y ), i)’ sin(q), cos(q), di asmplyJI y
e %] au
e
g2 0 2 0
€ i
gE cos(q)+§—f Zsin(q) sin(y )
ggﬂ@ o "W o
ae o o O @0
(1 1) B Tk az (- 1)Ef> cos(y)i |
+ | + | Zeos(a) sin(y )
X X %]
B+ -1 99 5
Ux ™z 1y G 95 90! )g‘ﬂt I I
+& | + | sin(a) gy -0 %—nysn(q)
X X a x eft” o
AL
+§—2 £cos(q) sin(y )
Mt o
s ol Ol O ool &2 0
(1 # 1 1) g g ax (- 1) g 7= cos(y)z. |
+ , + , Zsin(a) sin(y)
y y [}
= @ 0 a1 05
(-Iy+|X Iz)gﬂtqa cos(y)(l I+Iy)g‘ﬂt E’Z o 6 Ky aqnz 0
I | oos) oy g
y y 2 y en° o
I +1 aaT—fg2
B2 0 (-1, +1,) € % cos(a) sin(a) sin(y )*
+§—2 fos(y ) - |
it o z
& sl 2 0
. (- Iy+| )gﬂtfﬂsn(q) -|y+|x)gﬂtfacos(q) aéﬂ_fg:aaT_ 6
| | & pigpY 55
A Z %)
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(1 1) ooy sin(a) gy = K,
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I [_u
z zu
[tmp:z%

ﬂ Clean up the third equation a bit

agsubs(cos(qg) sin(q) = A, tmp3)

algsubstsin —B %?
gsg(y)gﬂt 7 %

ﬁ
—
_.,
[SEI RN ER B

agsubs(l_ - Iy= %)
& | +1 aelI_f'g', | +1 f 9
Iy gt zsn@® Gl ) g freos@)® o 2 o
| | & Sy 55
z z a
g @ & @, 20 )
(-1 +1)A gﬂtyé gﬂtfa n(y) 5 6%12 9 691[2 0 KZ
: . SR ki
z it~ o e o z
. y B(cos(q)"Cl_-sin(q)"Cl_+1.) 2 0
e @ o @ 0 z 3
Aggﬁyg - gﬁfg sn(y)2$C | +§—2q;
z Mt o
aanz 0 K
E_Z foos(y)-
L t- o z
& e .2 , 0
g1 ﬂ_ o @
Collect %gﬂq e f,A B, C’g‘ﬂtfﬁ cos(q)gsmpllfy alg+
e [ -1 0
& oF 0 X y =
subsg =cos(q) sin(qg), B = sn(y)gﬂyagﬂthC— : ’%i
z ]
1+ 2 f92+ 929 [ +1
&2 0 &2 g( cos(y )™) 0t €V 5ot y ,) cos(a) sin(q)
ot e .
™ o e o z
0
g(-mos(q) FDELF) 2 o 5 K
+ - 176 f=xsin(y)gy=- —
| et o ft” o |
z a z
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t Ltmpgzz%
[ BodyEqgs := eval(tmp)
[ latex( BodyEgs, "d:/dynamics/precession/RigidBodyEgs.tex”)
mat( BodyEQs)
e
Ex2 © 2 0
8%—2 cos(q)+§—2f £sin(g) sin(y)
e‘ﬂt @ " o
@ o o O @ @ 0
(|x+|z Iy) ‘ﬂth 95 (IZ Iy) th cos(y)i |
. | | Zcos(q) sin(y )
X X 2
ae(I +1_-1) cos(y ) (I |+|)aé"—f:; H
+ &- X g‘”q_+ ’ z yg‘ﬂtﬁz 89"_933
| | sin(a) ey 5
X X P xu
¢ .
g &2 O &2 0
§-§—2y; in(a) + %—2 £cos(q) sin(y )
€ e o " o
® o o 0 o @ 0
(- Iy+| IZ) gﬂtfa ‘ﬂth; (IX IZ) g‘ﬂth cos(y)i | |
| * | Zsin(q) sin(y )
y o}
& aaT 0 & ¢ u
AT _ —f =+ u
(I +| Iz)gﬂtqb cos(y)(lX |z+|y)g'ﬂtf': A 6 KyH
' | cosla) Gy Y 5T
y o yu
é 2. @ o @0
e —f = —V T
gaqﬂ g( 1+cos(y) )g."tf;Zj e o ly+| ) cos(q) sin(q)
%—q + —f cos(y)+ |
‘ITt @ 2 z
_ 2,1y 0 v
+a”( 2c05(a)"+ 1) (-1 +1,) emo o EH
| A T
L z @ zu

Rigid Body Equations— Symmetric Top

General Motion of a Symmetric Top
Equations of Motion
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mTop :=subs(l =1 ,1 =1 ,BodyEgs
SymTop S(1, FLVRLVY yEQs)

e
g2 0 2 0
SymTo =8§—2yicos<q)+§—2fisn(q)snw)
SEM° & " &
@ o o o g @ 0
'z%ﬂtfagmqa (- )g‘ﬂ 2 Cs(y)i _
+ | + | ~cos(q) sin(y )
xy Xy [}
& 21 -1 aaT_f'g"g' .
ZgﬂtQ— cos(y ) ( Xy Z)gﬂ 5% 5 K, aaﬂz 0
e | :sn(q)gﬁyg- |_"§_2 ;Sm(q)
Xy Xy [} xy eft”™ o
e oo o o @ Q
&2 9 280 5k Y5 Uy &' 5 Cos(y)i_ _
+§—2 foos(g)sn(y) +& 4 | “sin(q) sin(y )
M- o Xy Xy 2
I o 90
. Izg‘"tanrcos(y)(ley IZ) ‘Htfﬁi o o &
T | £008(Q) gV 2
Xy Xy g Xy
u
aE;HZ 0 aqﬂz 0 o 6 o 6 Kzu
E_zqz E_z Zoos(y ) - B T EdIn(y ) g v £ T u
M o &Nn° o zU
g e 2@ )1, po
SymTop ;= gsqucollectgs mpllfygalmTopk { 1- I_ bE[ ];,
é | Xy a
gﬂz ﬂz u 0 OH
e—vy,-f,sn(q),cos(q),sin(y), —y dlffufactor—k 1..3zU
Nttt 9t =Y
@ ou
8 2 0 aE;HZ 0
WmTOIO"e—y zcos(q) + & f sin(q) sin(y )
6 2
eefl a M o
e 9 o 00 0
+g(-1+b)gﬂtqa+cos(y)(1+b)gﬂtfBagﬂtyasm(q)
) ) . K 2 0
@ @ o 0 o @ X g1 2
+g(l- b)gﬂthx 'nthf gﬂt p COS(y)b Sn(y)COS(Q) : >y zsin(q)
xy 1w o
2 9 ) i} ) )
81 Zoo(q) sin(y ) + B(- 1+b) Gt S 2+ Bt £ cos(y ) bEsin(y ) sin(a)
.ﬂtz 5 g gt 2éMt '@ &Nt o a
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sl ety ¥
+§1e0) § azrcosy) (1o ) 1 2By Boota)-

3

2 0 2 0 K
Z

& 6 &
Eﬂtz dcos(y) g'n p (y)g‘ﬂty Eﬂth;g (-1+b)H

cooco

latex( S/mTopl, "d:/dynamics/precession/SymTopl.tex");
latex( 3/mTop2, "d:/dynamics/precession/SymTop2.tex");

latex( 3/mTop3, "d:/dynamics/precession/SymTop3.tex™)
=] Conversion to a System of First-Order ODEs
[ We may write the equations of motion as a system of first-order differential equations.

subglist := é—f = 1 Al =W H
L et s It y"ﬂtq_ ad
[subs(subsllst SymTop)

& 1
480|Veg{0p(%)} {_ fﬁ 7z 'ﬂt q}B

collect(%, [1 ,W ,sin(y), W_], factor
(0[Xy h (y) OI] )

- K| sin(q) +cos(q) K

—— b e b b b/

2
%Wy S( 1+b)W Wq+V\/f cos(y)b S|n(y)+ 'Xy
iw :((1- b)Wq- COS(y)(1+b)V\/f)Wy +COS(0|) Ky+ K sin(q) lw _
Tt f sin(y ) Sin(y)lxy it a

(- 1+b)cos(y)W +(1+b)W o

®
éV\/f bsin(y)+

Sln(3/) o y
K, (oK vk, Sn@) eosly)
. S .1+b | sin(y) Jf/
i Xy b
[foo =%

& 1. 0
selectghas, foo, — W, =
! M fo

I collect(op(%) sin(y ), [Ixy’ Wy’Wq]’ factor)

[ foo := (foo minus %%) union { %}
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e 1. 0
sel ectghas, foo, ﬁ Wq 3

_— 0
collect(sinfix(op(%) sin(y ),y ), [Ixy’ Wy,V\/f , Kz]' factor)

foo := (foo minus %%) union { %}

> 5 -K sin(q)+cos(q)KX
Wy g( 1+b)W Wq+V\/f cos(y ) b= sm(y)+ 'Xy

cos(q) Ky+ K, sin(a)

—)—|—|—|——|—|—|—»
— | =

Sin(v)?ﬁWf%:((l-b)Wq-COS(y)(1+b)Wf)Wy+ Ixy

P [ 2
sn(y)gﬂtwqg—((cos(y) b+1)V\/f +(-1+b)cos(y)Wq)Wy
sin(y)KZ

-1+Db

u
- (cos@) K, +K, sn(a)) costy ) |
]

I
L Xy

o+

‘ﬂ 1 1 __'
FirstOrderODEsK := S—f f ‘ﬂt = y ‘ﬂtq W, opgselectghas foo, it V\/f =

opgselectghas foo, ﬂiw E=S opgselectghas foo, ‘I‘lIT

mat( FirstOrder ODESK)

oy ::U

£ b
&M fH
&l -w b
gt~ yﬂ
eq u
gﬁqzwqﬂ
g aaT cos(q) K +K sin(q) U
gsm(Y)g ((1 b) W -cos(y)(1+b)V\/f)Wy+ yI
e Xy
glw - W " +W2 b. . -K sin(q)+cos(q)KX§
Bt |y S( ) g cos(y ) sm(y) : i
é Xy a
é
&
§sn( VB W 2= ((cos(y )2b + 1) W, +(-1+b) cos(y ) W ) W
g &1t a5 y f Iy

Page 10

O CCCy



sin(y ) K,
- (cos(a) K +K, sin(q)) cos(y )

I
Xy

L [Iatex(% "d:/dynamics/precession/FirstOrderODEsK .tex")
ﬂ Force-Free Motion of a Symmetric Top

-1+Db

+

o w  wn

FFSymTop := subs( KX =0, Ky =0, KZ =0, SymTop)

er?2 0 2 0
FFQ/mTop'—ggn—y cos(q)+6eﬂ—f sm(q)sm(y)
M o ‘|Tt2 %]
% ol 0 0oz 0
+g(-1+b)gﬂtq5+cos(y)(1+b)gﬂtfm Y 2Sn(@)
ot O @l (@ &2 0
(1 b) -g_f= COS(y)b Sm(y)COS(q) —y isin(q)
g g‘ﬂt zgﬂt g‘ﬂt 7] .ﬂtz p
& 2 o o O o @ 6.
%ﬂtz ;cos(q)sn<y)+g< L+b) g 26 az+ g = cos(y) bsin(y) sin(q)

+E(-1+b) b g2+ 1+b) g REL 0
§-10)§ e cosy) (10) 1 28y Soos(a)

274,

ﬁZ 0 5 ﬁZ OH
oot B2 By 2o
i o ‘ITt ou
[ We notice that the third equation,
FFS)/mTop3
&2 9 o o o &2 9
e B2 By 2
L it o Mit" o
[ can be written as
_Ja 0
FFSymTop, = it gg‘ﬂt p cos(y ) + g‘ﬂtq—
&2 O o o 0 = o
ﬂtzfgcos(y) g‘ﬂtfzs (y)g‘ﬂtyﬂ Eﬂtij_‘ﬂt g‘ﬂt GOy ) g‘ﬂtq_

rhs(%) - Ihs(%)
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Hence, ?"ﬂf %cos(y )+ gﬂﬁ q%z const

Thisisthe projection of the angular velocity onto the symmetry axis. Recall the components
| of Win the body frame:

mat( Wx’ Wy’ WZ) = convert( Obody, matrix)

6
f

W 1 %ﬂt IZ,Sm(q)sm(y)+g.myﬂ<:09(q)u

Ew u_ed 0 SN

&y U= &, fxcos(q)sin(y)- g y zsin(a)u

¥ it o ﬂt u

gw,{ ¢ ;

f GO0 U

We see that the angular velocity about the symmetry axis, Wz’ isaconstant of the motion. We

| aso have conservation of energy,

2 2
I W +I W +I W
X X yy zz

E=
2

L KE:=%
[ Substituting the components of Win terms of the Euler angles, we have

coIIectg&JbsgaeqaaN (t)= Obodyk, k=1. 3¢ KEG [diff, sin(y )], factor &

g 7 5 o P
KE := %
1o @ & 0
E_zlzgﬂtqé *tl, 'ntf_C S(y)gﬂtq_
aed

1
BB 1 (@ 51 costaZsin(y )+ 1oty P3G 12

1 [o%
+005(Q)5in(CI)('|y+|x)3in(y)gﬁ | Cos(q) +)| Sln(q) _gﬂty_

zg‘ﬂt 2 gz

eq 1 1
bglist ;= W —f—W— W
subdli é—y e .ﬂtq qH
b bdist,| =1 ,1 =1 ,KE
subs( subsli NELVINELNY )

1| W2+I W, costy ) W,
= CO:
22" y

Xy

+
2
+

ad . 21 20 2 1 20
gggl sin(q) +5IXyc08(q) gsn(y) +§IZCOS(y) EWf
21 20

gz Xysm(q) +§IXyCOS(O|) gWy
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5
collectGsimplif I W W W LT, simplify =
é p yé [ bWy Xy] plifyZ
7]
e I cos(y)zg |_cos(y ) W_ W, I W2
E 11 1 + 2 'z g f 1 2 12z q
— =G —cos(y) +_—TW + +=-W +=
I 2 2 I T f I 2y 2 1
L Xy @ Xy Xy
collect(agsubs(| ;= Xy(1 b), %), [ W], factor)
E WZaa ! S( ) b -(-1+b)cos(y ) W_W, +1W 2+aa 1b(.'jW2
—= —- —CO = (- co = —- —b=
Ixyfg22y YNy T&7 275"

[ KE :=%
H Steady Precession Solution

[ Suppose we look for asolution such that y is constant. Then we have

alaebaeﬂ 0, FFSymT: %
evalgsubsg—y =0, mTop==
§H0%q Y O FEIMIORE;

ex2 0 . .
gl .= O 0 & @ 0.
5,2 f Zsin(a) Sin(y) + §(1- b) tfa (02 B f % cos(y) bZsin(y) cos(),
eeft™ o
—2 g + 1+b f9— 9+aé"—fl9.2 bg' i
2! sy anty) G- 1+b)Er F26- az+ £ 1 cos(y) bZsin(y ) sin(a)
2 0 2 0u
?—Zf cos(y)+gﬂ—q ;
i o M o
[ The first two equations can be combined to yield
aé’/olsin(q)+%zcos(q) 9
collect Sn(y) , [diff], smpllfygz 0
2
.
qt

: : .9 .
Hence, solutions with y = const force a constant precession, ﬂf = const. From the third

equation, we then see that % g = const aswell.

B2

i
| sub%ﬂ L = 0.9, %

H -0
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Conical Coordinates

: . : r
surface of the truncated cone). Then the equation for the conical surfaceistana =

P +y?- (a+(h- 2)tan(a))? =0

ay

1t cos(y )b
o 0

1. £ 952

f=-
it cos(y)(-lxy+lz)

=1 A Spinning Truncated Cone Embedded in a Pressure Field

Consider atruncated cone with small and large radii a and b and cone opening anglea. Let the
center of mass reside on the (local) z axis, a distance h below the smaller flat surface (the top

a
, or
h-z

[ latex( %, "d:/dynamics/precession/ConeEquation.tex™)
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z Figure2

| Transformation matrix from conical to Cartesian coordinates:

gsin(a) cos(h) -sin(h) cos(a)cos(h)g
in(a)sin(h) cos(h) cos(a)sin(h)uy
L € -cos(a) 0 sn(a) U

[ For later convenience, make this and itsinverse into functions.
[ M =%
ConToCart :=(a, b) ® evadm(subs(a =a, h =b, eval(M)))
L CartToCon := (a, b) ® map(simplify, inverse( ConToCart(a, b)))
latex( ConToCart(a, h), "d:/dynamics/precession/Conical ToCartesian.tex")
[ latex(CartToCon(a, h), "d:/dynamics/precession/CartesianToConical .tex™)
Hence,

mat(xhat, yhat, zhat) = ConToCart(a, h) &* mat(rhohat, etahat, alphahat)
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exhatu &sin(a) cos(h) -sin(h) cos(a)cos(h)u érhohatg
ghatﬂ=§n(a)9n(h) cos(h) cos(a)sin(h)u&* ¢ etahat H
ezhatl € -cos(a) 0 sin(a) U eaphahatu

and
mat( rhohat, etahat, alphahat) = CartToCon(a, h) &* mat(xhat, yhat, zhat)

grhohat U ésin(a)cos(h) sin(a)sin(h) -cos(a)u  éxhatu
8etahat Hz -sin(h) cos(h) 0 Uu&* hatbl
B ealphahatt ecos(a) cos(h) cos(a)sin(h) sin(a)u ezhatu
=] Radiation Pressure

Let [PX’ PY, PZ] be the pressure vector in the fixed frame. Then the conical coordinates
| representation of P is

mat(Pr,Ph,Pa):(CartToCon(a,h)&* R(f,y,q)) &* ma(P_,P_, P_)

XY Z
eP u
8 rH aésin(a) cos(h) sin(a)sin(h) -cos(a)u
&Ph Ui=¢§ -sin(h) cos(h) 0 e
gp H ecos(a) cos(h) cos(a) sin(h) sin(a)H
€ au

[cos(q) cos(f ) - sin(q) cos(y ) sin(f ) , cos(q) sin(f ) + sin(q) cos(y ) cos(f ) , sin(q) sin(y )]
[-sin(q) cos(f ) - cos(q) cos(y ) sin(f ) , - sin(q) sin(f ) + cos(q) cos(y ) cos(f ) ,

cos(q) sin(y )]
o & xi
[sin(y ) sin(f ), - sin(y ) cos(1 ) , cos(y )1 2&* §Py §
5 g, 4

latex( %o, " d:/dynamics/precession/PressureBodyFrame.tex™)

Pbody := convert(evalm(rhs(%)), vector)

simplify(mag(%))
p2ip 2ip.?
Y "X "7z

[
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A Figure 3

®
i di

l\

0@

V

| Theforce on an area element dSis

mat(dF deara”el):lpldsicos(g)l' mat((1+A.) cos(g), (1- A_) sin(g))
e dF u e(1+A )cos(g)u
€  pep U |
li=| P| ds| cos(g) | €
N %Fparallelﬂ 8(1 A )sm(g)u
where F and F are the component perpendicular and parallel to dS, gisthe angle

perp parallel

between P and the (unit) surface normal N, and AC is the albedo of the cone surface. From

Figure 3, we see that dot(P, N) <0 for our problem. Hence, cosg=-cosc (that is,

dot(P, N)

CoSC =- ) and we have

i [P

mat(dF__, dF

oerp para”el):|P|dScos(c)mat(-(1+AC) cos(c), (1- A-)sin(c))

> dF e(1+A )cos(c)u

e u
e u e
%Fparallelﬁ |P|dSCOS(C)8(1 A )sm(c)u

[ The magnitude of dF is
dFpp := convert(evalm(rhs(%) ), vector)
simplify(+/ dot(%, %), assume =real )

| dF| = rootfunc( %, collect, cos, factor)

dF | = signum(P) P signum(dS) dSsignum(cos(c)) cos(c) 4cos(c)2A + (AL - 1)2
| oF| ot (A
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for pin select(has, indets(%), signum) do subs(p =1, %) od
subs(P =| P, %)
mag_dF :=rhs(%)

| oF | =| P|dScoqc)M4coqc)2AC+(AC- 1)?

Pa Pa
Now, cosgzm. Hence, cosc = - m or

cos ¢ = subs(P - Pbodyg)

X~ Px Py =Py Pz=P2
cos_chi :=rhs(%)
latex(%, "d:/dynamics/precession/cos_chi.tex™)
cosc =-(cog(a) cos(h) (cos(q) cos(f) - sin(q) cos(y ) sin(f))
+cos(a) sin(h) (-sin(q) cos(f ) - cos(q) cos(y ) sin(f )) +sin(a) siny ) sin(f)) py, - (
cos(a) cos(h) (cos(q) sin(f ) +sin(q) cos(y ) cos(f ))
+cog(a) sin(h) (-sin(q) sin(f ) + cos(q) cos(y ) cos(f )) - sin(a) sin(y ) cos(f)) p,,

- (cos(a) cos(h) sin(q) sin(y ) + cos(a) sin(h) cos(q) sin(y ) +sin(a) cos(y )) p,,

Px Py Pz
Wherepxzm, pYzm, pzzm. dearaII o O be written
dF =|deara”e||(P- o But|P- dot(P, N) N|=| cross(P, N)| or
parallel |P- dot(P, N) N| ' ’ ’
, dot(P, N) .
|P- dot(P, N)N|:|P|sm(c),andT:-cos(c),sowecanwnte
dl:parallel B P+|P|cos(c)N
[ gl IPlsn©)

dl:parallel _P+|P|cos(c)N
| dF ~ |P|sin(c)

parallel|

[ In component form,

subs(|P|=Q,P= mat(P P, ,P ), Q=|P|, N=ma(0, 0, 1), %)
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eP u
g ru o
&Ph 4+[P|cos(c) g oy
dF &P U € 10
parallel e auU
L |OIFparaIIeI' |P|sm(c)
dF ¢ ou
er
FordrFr  ,we haveﬁzg oul Therefore,
perp |dF | U
L perp’ € 1lu

mat(dFr , dF dFa) =evd m(dep2 rhs(%%) + dep1 rhs(%))

h1

(D
o
m

dScos(c) (1- AC) Pr
dScos(c) (1- AC) Ph

5
—

T
) o e g

Scos(c) (1- AL) (P, +|P|cos(c)) - | P| dScos(c)2(1+AC)

CDgt‘Dl‘DéD_erD

D =y

CCCCCCC
1

CD8_!‘Dl‘Dl‘DfDl‘DfDl‘D

u

[ The component perpendicular to the surface simplifies:

factormat := proc(M::anything)
local S N, Q,r,cKk;

if type(M, { =", "+, ™, ligt, set} ) then RETURN(map(procname, M, argg 2 .. nargs]))

elif type(M, array) then
S={}
if type(M, vector ) then for r to size(M) do S:= Sunion{ M[r]} od
elsefor r torows(M) do for cto cols(M) do S:= Sunion{ M[r, c]} od od
fi;
S:=Sminus{ 0};
S:= map(factor, S);
Q:={op(§1])};
for kfrom 2to nops(S) do Q := Qintersect { op(J k])} od;
Q:=convert(Q minus{ -1}, *°);
N :=copy(M);
N:=map((x y) ® x/y,N, Q);
if 1 <nargsthen

N :=map(argg 2], N, args[ 3 .. nargs] ); Q := map(args 2], Q, argg[ 3 .. nargs])

fi;
Qreval(N)

elseM

fi

L end

factormat( subs( Pr = pr | P|, Ph = ph| P|, Pa = pa| P|, %%), collect, [dS, cos], factor)

Page 19



ngrﬁ g -(AC- 1) pr ﬁ
thgzlPlcoxc)dsg “(Ac- ey, d
o g 2Accos(c) - (Ac- Dpd

[ Thus, the force integrated over the cone surfaceis

2p f+S
F) :§ subs(dS=r sin(a), rhs(%)) dr dh
0 f

mat(Fr, F

(e}e) ]

h

2p. f+S
“(Az-Dp,
(A~ Dp,
2ACcos(c)- (AC- Dp

-

o QOOOO0O00000D
_, 0000000000

|P|cos(c) r sin(a) dr dh

(DIDXDXDIDIDIDID

m T m
>

o o e v i

(DADXDXDEDIDXDID

o o e i

Q

a

[ Fintegral := %

L [ latex( %o, " d:/dynamics/precession/ConeForcel ntegral .tex")

=] Torque Dueto Radiation Pressure on the Cone Surface
ﬂ Radius Vector to Cone Surface

To calculate the torque, we first need the radius vector to a point on the surface of the
cone. The transformation from conical to cartesian body coordinatesis

u

tan(a)ﬁ

§x:r sin(a) cos(h),y=r sin(a)sin(h),z=h- r cos(a) +

[xyz::%

Hence, the radius vector from the center of mass to a point on the cone surfaceis, in the
| conical frame,

subs(xyz, CartToCon(a, h) &* mat(x,y, z))
map( collect, evam(%), [ h, a], simplify)

r_cone:=%

L. . . . € rsin(a)cos(h) u
8sm(-ii)n((:?18)(h) Sm(c?))s(ir;(h) oS & rsn@ysin(h) |
. : u € a Uu
ecos(a) cos(h) cos(a)sin(h) sin(a)u E-r cos(a)+ H
€ tan(a)u

e 2 u

grcoS(a) _—cojla) a+rlHJ

& (a) u

e 0 u

L g sin(a) h+cos(a) a E
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latex( mat(xyz), "d:/dynamics/precession/Conical Coordinates.tex™)
| L latex(r_cone, "d:/dynamics/precession/r_cone.tex™)
H Statement of the Torque Integral in the Conical Frame

[ The torque integrated over the cone surface is therefore

subs(F = K, subsop([ 2, 1, 1] = 'cross(eval(r_cone), op([ 2, 1, 1], Fintegral)), Fintegral ))

torque _cone integral := %

2p, f+S
3 Q 09
eK u @ 0
e ruQ Q9
e u Q Q
€K _u_9Q @
e hu—Q Q
u Q@ 09
gk 0 9 ©
€ au B8 B8
0O O
o f

“(Az-Dp, ﬁg
-(AC- 1) P EEd
2AC cos(c) - (AC- 1) paHE

o8 2
cos(a)” a
g—cos(a)h-?(—)
Crossce sin(a)
e
e
'

+
—_

|P|cos(c)r sin(a)
0
sin(a) h+cos(a) a

o = e o
(DXDIDXDEDIDID-

r dh

[ which can be ssmplified as follows.

op([2, 1, 1], torque_cone _integral )

é
§(sin(a) h+cos(a) a)| P|cos(c) r sin(a) (Ac- Dby,

-(sin(a) h+cos(a)a)|P|cos(c) r sin(a) (Ac-1)p,

¢ h M“)Z% gF>| ' 2A A -1
_é-cos(a) - sina) rﬁ cos(c)r sin(a) (- Ccos(c)-( c” )pa),
& 2 o] u
-é—cos(a)h- %H%ﬂjﬂc&(c)r sin(a)(AC- 1) phE

factormat(mat(subs(AC - 1=-Q, eva(%))), collect, [ Q, pa, pr, ph, r, AC], factor)
r|P|cos(c)
[-(sin(a) h+cos(a)a)sin(a) Qp, ]
[((-r sin(a) +cos(a) (sin(a) h+cos(a)a)) p_ +(sin(a) h+cos(a)a)sin(a)p )Q
+2r sin(a)ACcos(c) - 2cos(a) (sin(a) h+cos(a) a) cos(c)AC]

[(rsin(a) - cos(a) (sin(a) h+cos(a) a)) p,, Q]

[ subs(sin(a) h+cos(a) a=U, %)
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[

[

[

[

factormat( %, collect, [ Q, pa, pr , AC]’ factor)

r|P|cos(c)

- -Usin(a) Qp,

(-r sin(a) +cos(a) U) pa +Usin(a) pr)Q+Zcos(c)(r sin(a) - cos(a) U)AC
(r sin(a) - cog(a) U) p, Q

(D@DMDIDDD
e o e e e ) g

map(x ® algsubs(Q U =V, x), map(expand, evalm(%)))

factormat(%, collect, [, V], factor)

r|P|cos(c)

: -sin(a) phV

sin(a) (pa Q- 2Accos(c))r +(sin(a) P, +pa cos(a)) V- 2cos(a) U cos(c)AC
P Qsin(a)r - Ph cos(a) VvV

(DADXDXDEDIDIDID
o o e  wd

arg: =%

subdlist :=[Q=1- AC’ U=sin(a)h+cos(a)a V=QU]

map((x, y) ® Ihs(x) = subs(y, rhs(x)), subslist, subslist)
subslist := %

subdlist :=[Q=1- AC’ U=sin(a)h+cos(a)a V=QU]

Check:
map( simplify, evalm(op([ 2, 1, 1], torque_cone _integral ) - subs(subdlist, arg)))

(DM¥DXDID
[olele]
coCcc

Finally, we have
subsop([ 2, 1, 1] = arg, torque_cone _integral )

torque_cone_integral := %

2p, f+S
) 6 0
K 0 0 0
§ru o 0
NN
&Kp =8 § r|P|cos(c)
& U 9 o
eall 8§ 8
0 0
0o f
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[

[

g -sin(a)phV H
§sin(a) (p, Q- 2Acos(c))r +(sin(a) p, +p, cos(a)) V- 2cox(a) UCOS(C)ACEd
§ P, Qsin(a)r - p, cos(a) Vv d
r dh
where
mat( subslist)
g\/_ U=sm(a_)h+cos(a)a H
g =(1- AC)(sm(a)h+cos(a)a)H
and

cos(c) =cos_chi

cos(c) = - (cos(a) cos(h) (cos(q) cos(f ) - sin(q) cos(y ) sin(f ))
+cos(a) sin(h) (- sin(q) cos(f ) - cos(q) cos(y ) sin(f)) +sin(a) siny ) sin(f)) py - (

cos(a) cos(h) (cos(q) sin(f ) +sin(q) cos(y ) cos(f ))
+cos(a) sin(h) (-sin(q) sin(f) + cos(q) cos(y ) cos(f)) - sin(a) sin(y ) cos(f)) p,,

- (cos(a) cos(h) sin(q) sin(y ) + cos(a) sin(h) cos(q) sin(y ) +sin(a) cos(y )) p,,

ﬂ Partial Evaluation of the Torque Integral in the Conical Frame

torque _cone integral

2p.f+S
. Q Q
eK u Q Q@
€ ru Q q
€k _Uu-8 @
gknd=8 8 r[Plcos(c)
gk 0 2 9
€ au 8 8
0O O
0o f
g -sn(a)phv ﬁ
gsn(a) (paQ- ZACcos(c))r +(sm(a)pr +pa cos(a)) V- 2cos(a) UCOS(C)ACEO'
g thsm(a)r - ph cos(a) V H
r dh
-a
We can do theintegral over r right away. We note that f = d S=————. Hence,

sn(a) 0> dn(a)”
f= a
sn(a)’  sin(a)’

ba?+S f’/o
su = T
% o
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b
2p, sin(a)
. Q 9
eK uQ 0@
e'ruQ 9
Ek_U-a @
€ hu=aQ @ r | P[cos(c)
TR
€ au 8 8
0O O
0 a
sin(a)
g -sm(a)phv ﬁ
gsm(a) (paQ- 2ACcos(c))r +(sin(a) pr +pa cos(a)) V- 2cos(a) UCOS(C)ACEO'
g thsm(a)r - Py cos(a) V H
r dh

[ Evauating theintegral inr, we find

®
mapgi nt, map(collect, evam(op([ 2, 1, 1], subs( P, = Prho, torque_cone integral))), r ),
a b 0
r= . x
sin(a) sin(a)g

factormat(subs(Prho = pr , V=Q U, map(expand, evalm(%))), collect,
[cos(c),p,. By, P Ac Q U], factor)

subsop([ 2, 1] = %, %26%)

torque_cone := %

—:
N
©

o OaOOOO

|P|cos(c) (a- b)

(DADXDEDIDIDIDID

A X _X
=

ot e o o e w

Q

¢ (a+D)UQp, Y

€2 sin(a) H

efa+b)cos(a)U 2a°+ab+b”2 1 (@+b)UQp,
g "5 A cos(c)- S
e . 2 3 2 =C > dn(a)
e sin(a) sn(a)” o
& 1 (a+b)cos(a)U 1a2+ab+b2? 4
+§' 2 *3 zQp,
2 sn(a)? 3 sna)? & 2
883(a+b)cos(a)u 1a2+ab+b29 H
862 - 3 Qp, Udh
662 2 3 .2 =<'h(Q
- e Sln(a) Sln(a) g u
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L—J Conversion of the Torque Integral to the Body Frame

2 2
b+a)cos(a)U b +ba+a b+a)U
DefineBl:( ) 3(2) - 5 andBZ:(Z_#. Then the torque
2sin(a) 3sin(a) sin(a)
integral becomes
B _1l(a+b)uQ
i 2 2 sin(a)
[Bwbs::[%%, %]
2P
6K U 9 ¢ “B,p 0
e ru Q e 27h u
gk U_0 &2B. A _cos(c)+B.p +B. Qp_t
: h =g (-a+b>cos(c>|P|§ 17c 2Pr By Paydhn
gka i § e -B, QP Y
L 0
[Check:
map( simplify, evalm(subs( Bsubs, op([ 2, 1], %)) - op([ 2, 1], torque_cone)))
g o
g %
e Ou

torque_cone := %%
latex(torque_cone, "d:/dynamics/precession/ConeT orquel ntegral Cone.tex™ )

The pressure components in the cartesian body frame are

1 I

mat(p,, P, P,) ="R(f.y, q) & mal(py. by, p5)

ep u=R(f y q)&*ep u
§yﬂ A e'Yu
esz epZH

[ Similarly, the conversion from the cartesian body frame to the conical body frameis

mat( Ppo Py pa) = CartToCon(a, h) &* mat( Py py, pz)

-

>sin(a) cos(h) sin(a)sin(h) -cos(a)u
_sin(h) cos(h) 0 U&r
os(a) cos(h) cos(a)sin(h) sin(a)H

(DMXDXDIDIDIDID
T O

< X
COCCCCCC

N

(DMXDEDIDIDIDID
T _©T _©
=0
ot e e e e
1]
gmma

Q
©

[ Hence, we have

subsop([ 2, 2] = rhs('%%'), %)
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ep u ep,, uo
§rd gﬁin(a)cos(h) sin(a) sin(h) -cos(a)ﬂ & XHZ
&P, H:g -sin(h) cos(h) 0 U&*&R(f,y,q)&* &Py it
gp i €cos(a)cos(h) cos(a)sin(h) sin(a) U o_ U+
e au e Zug

I factormat(evam(%), collect, [sin(h), cos(h)])

[(sin(a) (-sin(q) cos(f) - cos(q) cos(y ) sin(f )) py

+sin(a) (-sin(q) sin(f ) + cos(q) cos(y ) cos(f)) p,, + sin(a) cos(q) sin(y ) p,,) sin(h)
+ (sin(a) (cos(q) cos(f ) - sin(q) cos(y ) sin(f)) py,

+sin(a) (cos(q) sin(f ) +sin(q) cos(y ) cos(f )) p,, + sin(a) sin(q) sin(y ) p.,) cos(h)
- Py cos(a) sin(y ) sin(f ) + p, cos(a) sin(y ) cos(f ) - p., cos(a) cos(y )]

[((-cos(q) cos(f) +sin(q) cos(y ) sin(f )) py,

* (-cos(q) sin(f) - sin(q) cos(y ) cos(f )) p, - sin(q) sin(y ) p,) sin(h) + (

(-sin(q) cos(f ) - cos(q) cos(y ) sin(f)) py,

* (-sin(q) sin(f ) + cos(q) cos(y ) cos(f )) py, + p, cos(q) sin(y )) cos(h)]

[(cos(a) (-sin(q) cos(f ) - cos(q) cos(y ) sin(f)) py,

+cos(a) (-sin(q) sin(f) + cos(q) cos(y ) cos(f)) p,, + cos(a) cos(q) sin(y ) p.,) sin(h)
+ (cos(a) (cos(q) cos(f) - sin(q) cos(y ) sin(f )) py,

+cos(a) (cos(q) sin(f) +sin(q) cos(y ) cos( )) p,, + cos(a) sin(q) sin(y ) p.,) cos(h)
+p, sin(a) sin(y ) sin(f ) - p, sin(a) sin(y ) cos(f ) + p_,sin(a) cos(y )]

Psubs := [%q(lhs(%)K a rhs(%)k1 oK=13)]

We must transform the torque components from the conical frame to the body cartesian
| frame.

torque_cone
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[

[

N
©

subsop([ 2, 1] = ConToCart(a, h) &* op([2, 1], torque_cone), torque_cone)

= = = 0,
subs(K =K, K Ky’ K, =K, %)
2p
.0
eK u @
g X4 8 g@n(a)costh) -sin(h) cos(a) cos(h)i
SKyH=8 gsin(a)sin(h) cos(h) cos(a)sin(h)y&*
EK U g € -coxa) 0 sin(a) @
K U
et 8
0
0
g “ByPy d
(b- a) cos(c)|P|§‘2|31'°\CCOS(C)+szr +BlQpaEdh
2 "B, Qpy t

, . 0 ,
§Kh =9 (b-a)COS(C)|P|§281ACC°S(C)+szr+BlQp
gKa X § e _BlQph

0

a

coCCcooooy

o
=y

subsop([ 2, 1] = factormat(evalm(op([ 2, 1], %)), collect, [pr Py pa], factor), %)

eK u 5

g b g%

gK U=8 [P[cos(c)(a- b)

gK H Oo

e zu
[sin(h) 82 pr +cos(h) (sin(a) Bz+cos(a) BlQ) ph +sin(h) BlQpa
- Zsin(h)BlACcos(c)]
[-cos(h) szr +sn(h) (sin(a) Bz+cos(a) BlQ) ph - cos(h) BlQpa
+2cos(h)BlACcos(c)]
[(-cos(a)Bz+sin(a)BlQ)ph]dh

foo:=%

DefineC, =sin(a) Bz+cos(a) BlQand C2: -sin(a) QBl+cos(a) BZ' Then

1
Csubs := [ %%, %]

invsubs( Csubs, foo)
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(DAXDXDXDIDIDID
AN A
< x
cocccooo
N
©

N

o [ele sinisisin)n)n)a]

|P|cos(c) (a- b)

A

gsin(h)szr +cos(h)Clph +sin(h)BlQpa- Zsin(h)BlACcos(c) y
gcos(h) szr +sin(h)Clph - cos(h) BlQpa+2005(h) BlACcos(c)
0 (- cos(a) B, +sin(a) B, Q) p,

COoOCCCCCC
(o}
>

[ Finally, substitute for cos ¢ and the pressure components and perform the integration.

subs( Psubs, cos(c) = cos _chi, %)

map(int, map( collect, evam(op([ 2, 1], %)), [sin(h), cos(h),|P[]), h)

foo =%
for kto3do fook, 1 :=subs(h =2p, fook, 1) - subs(h =0, fook, 1); fook, 1 = factor(fook, 1)
od

factormat(foo, collect, [pX, Py pz])
mat(K_, K , K ) =%
Xy 'z

torque xyz cone:=%

(DAX¥DEDEDIDDID
AN AN

< x
o o e

N

[P|p(a- b)

A

(- cos(a)? Bz+sin(a)2 B, +4sin(a) B, A cos(a) +C, sin(a) +2sin(a) B, Qcos(a))
(cos(y ) p,, - Py Sin(y ) cos(f ) + py Sin(y ) sin( ))

[(cos(q) cos(y ) sin(f ) +sin(q) cos(f )) py

* (- cos(q) cos(y ) cos(f) +sin(q) sin(f )) p,, - P, cos(q) sin(y )]

[(cos(q) cos(f) - sin(q) cos(y ) sin(f )) py, + (cos(q) sin(f ) + sin(q) cos(y ) cos(T)) p,,
+sin(q) siny ) p,]

L (O]

[ latex(torque xyz cone, "d:/dynamics/precession/ConeTorqueBody.tex™)

We can simplify C1 and C2 somewhat:

Page 28



subs(sin(a)? + cos(a )2 = 1, collect( subs( Bsubs, Csubs,), [Q, U], factor))

subs(subslistl, collect(%, [sin(a)]))

el 1 2 2,9
gz(a+b)u- 3cos(a)(a +ab+b )E(l- AC)

C
1 sin(a)?

subs( subslistl, factor( subs( Bsubs, Csubsz)))

2 2
(1- AL) (8" +ab+b%)

1
C, ==
3

2 sin(a)

L L [Cwbs::[%%, %]
=] Torque Due to Radiation Pressure on the Flattop Surface

Z Figure4
I
r
h

X Y

subs( Csubs, Bsubs, subslist, AC = AT a=0, b=a, torque xyz cone) 0
a:E

eK u
B
6K U—._ ) ) . . .
o [Plpa®h(1- A) (cos(y) p, - p, sin(y ) cos(f ) +p, sin(y) sin(f))

K. d
e zu
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[(cos(q) cos(y ) sin(f ) +sin(q) cos(f )) P, + (- cos(q) cos(y ) cos(f ) + sin() Sin(f )) p,,
- p cos(q) sin(y)]

[(cos(q) cos(f ) - sin(q) cos(y ) Sn(f )) p,. + (cos(q) sin(f ) + sin(q) cos(y ) cos(f )) p,,
+sin(q) sn(y ) p. ]

Y
[ torque xyz top := %

L [ latex(torque Xxyz top, "d:/dynamics/precession/FlatTopTorqueBody.tex™)
=] The Equations of Motion

[ The equations of motion are

I mat( FirstOrderODESK)
i
&t fa
&Ly -w b
e‘ﬂty_ y U
&l g=w i
e‘ﬂtq_ qu
g' B\ 22 ((1- bYW - cos(y ) (1+b)W, )W +COS(q)Ky+KXSin(q)§
Ssin(y ) £ W, 2= ((1- D)W - cosly ) (1+b) W) W, , g
é Xy U
gﬂw B aepyw w2 b2 +-K Sin(q)+COS(q)KX§
é Xy u
e
e
e
gsin( VLW 2= ((cos(y )2b + 1) W, +(-1+b) cosy ) W.) W
g2 ) Gy M (o f A
sin(y ) K, H
“irp (K K ) ensly)
+ u
| i
] Xy U

H Torque Combinations

[ Assembl e the torque combinations.

[ Kcone := convert( evam(rhs(torque xyz cone)), vector )
Ktop := convert(evalm(rhs(torque_xyz top)), vector)

1 + Ktopl) sin(q) + (Kcone2 + Ktopz) cos(q)

( (Kcone
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applyrule(sin(q)? + cos(q)° = 1, factor(%))
map( collect, %, [Bl’ BZ’ Cl]’ factor)

torquef =%
[Plp (py cos(f) +py sin(f)) (cos(y ) p.,- Py sin(y ) cos(f ) +py sin(y ) sin(f)) (

2sin(a) cos(a) (a- b)(Q+2AC) Bl+(sin(a)- cos(a)) (sin(a) +cos(a)) (a- b) 82
+sin(a) (a- b) C1+a2h(-1+AT))

[aw

(Kcone, + Ktopl) cos(q) - (Kcone, + Ktopz) sin(q)

1 2

applyrule(sin(q)” + cos(q)” = 1, factor(%))
map(collect, %, [B,, B, C, ], factor)
torque, =%
-[P|p (costy ) p, - p,,Sin(y ) cos(f ) +p, siny ) sin(f )
(sin(y ) p., + cos(y ) p, cos(1 ) - sin(f ) cos(y ) p, ) (
2sin(a) cos(a) (a- b) (Q+2A.) B, +(sin(a) - cos(a)) (sin(a) +cos(a)) (a- b) B,

+sin(a) (a- b) C1+a2h(-1+AT))

[Where
Csubs
)
e
e
e
&
e
?(mb) U- Loosa) (a2 +ab+bA)2(1- A ) (1- A)(a®+ab+b?)
2 3 5 c 1A
Clz 5 ’CZZE, :
sin(a) sin(a)
0
u
u
u
d
| a
(Bsubs
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. _l(a+b)cofa)y 1a°+ab+b’ o 1
12 gna)? 3 gna)2 2 2

(a+b)U QY
sin(a) g

(DA

subslist

[Q=1- AC’ U=sin(a)h+cos(a)a, V=(1- AC) (sin(a) h+cos(a)a)]

H Simplification of the Torque Combinations
[ L et's check the commonality between the two torque combinations.
mat(K sin(q)+K cos(q), K cos(q) - K sin(q)):

factormat(wbs(wbsllst mat(torquef torque )), collect, [B1 82 Cl] factor)

ecos(q)K +K sm(q)u
gK Sn(q)J,COS(q)K u‘|F’||D(COS(y)|0Z Py sin(y ) cos(f) +py sin(y ) sin(f)) (

an(a)cos(a)(a b)(1+AC)Bl+(sm(a) cos(a)) (sin(a) +cos(a)) (a- b) B2

+sin(a) (a- b) C1+a2h(-1+AT))

p, Cos(f ) +p,, sin(f)

u
u
sin(y ) p,,- cos(y ) p,,cos(f ) +sin(f ) cos(y ) p,

DPLDDID:

[ torque_terms:= %
select(has, rhs(%), a)
2sin(a)cos(a) (a- b)(1+AC) Bl+(sin(a)- cos(a)) (sin(a) +cos(a)) (a- b) 82

+sin(a) (a- b) C1+a2h(-1+AT)

L := location( %%, %)
L:=[2,4]

subs( Csubs, Bsubs, subslistl, %%)

& (a+b)cosfa)U 1a°+ab+b’

2sin(a) cos(a) (a- b) (1+A )é
c sin(a)? 3 dn(a)?

1 (sin(a)- cos(a)) (sin(a) +cos(a)) (a- b) (a+b) U (1- AC
i

2 sin(a)

— Q-0

b a +b)U 1 2+ b+b291 A
(a- b) g (a+b) U- Jeos(a) (a”+ab+bD)E(1- A)
+ X +a h(-1+A_I_)

sin(a)
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| bar =%
[ latex( %, "d:/dynamics/precession/torque_term_to_simplify.tex")

Collect(%, [b- a,b+a b’ +ba+a’ U, Al simplify, loc)

H |--1-O:

ae(-a+2005(a)2a+b-2(:os(a)2b)AC a- b
g U(a+b)

sin(a) i sn(a)
& 1cos(a)(a- b)AC cos(a) (a- b)—

* "3 sin(a) ) sin(a) b( +ab+b )+a h(- 1+AT)

location( %, remove( has, select(has, %, U),b- a))

- [1]
subsop( % = map( factor, op(%, %%)), %%)

(a- b)(-AC+1+2ACcos(a)2) U(a+b)

sin(a)

& 1cos(a)(a- b)AC cos(a) (a- b)—

= 2y, .2
TE 3 sin(a) ) sin(a) ( +ab+b )+ h(_1+AT)

latex( %, "d:/dynamics/precession/torque_term_simplified.tex")
Check:

T 1 11

simplify(%- bar)

subs( subslist, subsop(L = %%, torque_terms))

ecos(q)K +K sm(q)u e
gK gn(q)+cos(q)K u—|P|p(cos(y)pZ pYSln(y)Cos(f)+pxsm(y)sm(f))§

(a- b) (-AC+ 1+ ZACcos(a) ) (sin(a) h+cos(a)a) (a+b)

sin(a)
® q00a)(@- D) A ga)(a- b) 2 2
+§§ sin(a) ) sin(a) fa( +ab+b)+a h(- 1+ATE

py os(f ) +p, sin(f )
sin(y ) p., - cos(y ) p,, os(f ) +sin(f ) cos(y ) p

[ e el el wnid

PO

[ torque_terms:= %

[ Thislooks good. Now define
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select( has, rhs(torque _terms), y )
(cos(y ) p,,- P, sin(y ) cos(f) +p, sin(y ) sin(f))
py cos(f ) +p,, sin(f)

u
u
sin(y ) p., - cos(y ) p,,cos(f ) +sin(f ) cos(y ) p,{

PO

select(has, %, sin(y ) p,,)

Py cos(f) +py, sin(f )

u
u
sin(y ) p, - cos(y ) p,,cos(f ) +sin(f ) cos(y ) p,J

PO

gsubs:=[g(f, v ) = remove(has, %96, Sin(y ) p. ), (Y ) = %, 1 9y(f.Y) =%,
G(a, b, h, AC AT a) = select(has, remove( has, rhs(torque terms), y ), { a, P, p})]

[ Then we can write
invsubs( gsubs, remove( has, rhs(torque_terms), y ))

G(a, b, h, AC’ AT a)

invsubs( gsubs, select(has, rhs(torque_terms),y ))
&g, (f.y)u
LURE) R

Ihs(torque_terms) = % %%

ecos(q)K +K S'”(Q)H egl(f y)u
8}( S|n(q)+cos(q) K u_go( y)ng(f ”G(a b, A AR 2)

[ torque_terms subs:= %

[where
I mat( gsubs)
[gq(f.y)=cos(y ) p, - Py sin(y ) cos(f ) +p, sin(y ) sin(f )]
[,(f,y)=py cos(f) +p, sin()]
[9,(f,y)=-sin(y)p,, - cos(y ) p,, cos(f ) +sin(f ) cos(y ) p, ]
&

€
€
€
e

8G(a,b.h AL Apa) = Plpg

(a- b) (-AC+ 1+ 2ACcos(a)2) (sin(fa) h+cos(a)a)(a+h)

sin(a)
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) ou
+8? ECOS(a)(a- "% _coda)(a- b)g(az+ab+b2)+azh(-1+ )iE
B 3 sin(a) sn(a) @ A au

H Equations of M otion

subs( seq(Ihs(torque_term:s_subs)k L = evam(rhs(torque_terms_subs) )k X k=1. 2), KZ =0,

L FirstOrderODESK)
mat( %)

go(f,y)G(a,b,h,AC,AT,a)gl(f,y)H
((L- b)W_-cos(y)(L+b)W. )W + u
q foy | 2!
Xy u
é
eﬂt y
. , o gfy)G@bhALALA) gL Y) ]
S('l“‘b)Wf Wq+VVf cos(y)bzsm(y)+ I H
Xy a
é )
Ssin(y ) Bl W 2= ((cos(y )2b + 1) W, + (- 1+b) cos(y ) W ) W
g g‘ﬂt qg f q’y

go(f+¥) G(a b h, AL A a) gy (f.y) cosly)

I
Xy

u
u
u
H
u

FirstOrderODEs := %
where

T 1 11

mat( gsubs)
[94(f.y ) =cos(y ) p, - b sin(y) cos(f ) +p, sin(y ) sin(f )]
[9,(f,y)=py cos(f) +py sin(f)]

[9,(f.y)=-sin(y)p, - cos(y) p,,cos(f) +sin(f ) cos(y ) py ]
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15 S

G(a, b, h,AC,AT,a)=|P|p§

€
€
€
e
€

(a- b) (-AC+ 1+ 2ACcos(a)2) (sin(a) h+cos(a)a) (a+hb)

sin(a)
& ,cos(a)(a- b)A 0 98
1 C cos(a)(a-b)x 2 2, . .2 =0
+§__ : ; : z(a”+ab+b%)+a"h(-1+A )l
L 3 sin(a) sin(a) [} au
latex( FirstOrder ODEs, "d:/dynamics/precession/FirstOrderODESs.tex");
L L L latex(mat(gsubs), "d:/dynamics/precession/gsubs.tex™)
=] Fast Spin Approximation
[ The equations of motion are
eqs =
subs(op(select(has, gsubs, y )), G(a, b, h, AC, AT a)=G, [seq(FirstOrderODEsk 1 k=4.6)])
mat( %)
e

8 i) w2 (1 by w -
ggn(y)g‘ﬂtwfa_((l b)Wq COS(Y)(l’fb)VVf)Wy

(cos(y ) p, - Py, Sn(y ) cos(f) + Py Sin(y ) SIn(f)) G (py cos(f ) + p, Sin(1))
+ u
g
u

I
Xy

gﬂw - & 1+bWW+W2 bg' +(
B W, =8(- 1+ D) W W+ W " cos(y ) bZsin(y)

(cos(y ) P, - P, SN(y ) cos(f ) + p, sin(y ) sin(f)) G

(-sin(y ) p, - cos(y ) py cos(f) + Sn(t ) costy ) p, ) /1, B

e ;

Ssin(y ) ELw 2= ((cos(y )2b + 1) W, + (- 1+b) cos(y ) W ) W
€ St Voo f 9y

<

(cos(y ) P, - P, sin(y ) cos(f ) +p, sin(y ) Sin(f)) G (p, cos(f ) +p,, Sn(f )) cos(y )

I
L Xy

CoCCC

For purposes of substitution, which we'll use in amoment, divide by sin(y ) where
| appropriate.

selectghas, egs, - W, 2
ol s v
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L := location( egs, op(%))
op(%%) 0
sin(y) "o

&
subsopg% =

2 1. 0
sal ectghas, %, — W =
it do

L := location( %%, op( %))

f

e

72°

W
it g

(024

& _ op(%%) . 0
subsopg/o— sSn(y) ,/0%%5
odesubs := %
mat( %)
&q &
o =§((1- bW, - cos(y ) (1+b) W) W,

(cos(y)pz- stin(y)cos(f)+pxsin(y)sin(f))G(chos(f)+stin(f))9

.\ | $/sin(y)
Xy 1%

e - 2 0 . (
gﬁwy —S(-1+b)V\l]c Wq+W cos(y)basm(y)+
(cos(y ) P, - Py sin(y) cos(f) +py sin(y ) sin(f)) G

(-sin(y ) p, - cos(y ) py cos(f) + Sn(t ) costy ) p,)) /1, B

=§((cos(y)2b+1)vvf #(-1+b) cos(y ) W) W,

u
_ u
sm(y)ld
u

[ Differentiate the equations of motion.

map( diff, egs, t)

(cos(y ) P, - P, Sin(y ) cos(f ) +p, sin(y ) sin(f)) G (p, cos(f ) +p,, sin(f)) cos(y ) &
i |

egs2 .= %
mat( %)
é ) ) 2 9
€ .o o 0 o & 2
§C°S(y e T A Eﬂtz Y =
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Ee(l- b)?ﬂw g+sin(y)§%y%(1+b)w : cos(y)(1+b)§%vvf%wy
(1 D)W, - cosy) (1+D) W) Er w2+ B sy ) v 2,
- chos(y)gﬁygcos(f)+stin(y)sin(f)gﬁf E’f pxcos(y)gﬁy%sin(f)
+pxsjn(y)cos(f)§6%f%G(pxcoqf)+ngn(f))%/ |Xy+§e

(05y )~ P SNy ) Q0 +py siny ) Sn(1)) G & pysin(t) 1 3 py oo . 12

20

N U
0 u
= u
b/'xyg
€2
e ®
e—W =
g 2 ~&
eft

=2l 2l 2 & 0
(-1+b) V\/]c W +(-1+ b)W gﬂtqu+zw cos(y)bg‘ITt fg V\/f sn(y)gﬂtyab

gsn(y)+g( 1+b) W Wq+VVfZCOS(y)b COS(y)gﬂty +gg (y)gﬂty P,

- chos(y)gﬁygcos(f)+stin(y)sin(f)gﬁf §+ pxcos(y)gﬁygsin(f)

+py siny ) cos(1 ) - 226 (-sin(y ) p,, - cos(y ) py, cos(f) +sin(f ) cos(y ) p )g/l
X &' oo z Y X5/ xy
® , : : & & 0

+(cosly) p, - pysin(y ) co(f) +py siny ) sin(f)) G §-cos(y ) g v 2P,

. & 0o &0 =2 o)
+9n(y)gﬁyngcos(f)+cos(y)stn(f)gﬁfg+cos(f)gﬁfgcos(y)px
ST~ e I ¥
- sn(f)sn(y)gﬁygpxgg/ Ixyg
u

2 o] e
cos(y ) ty% 2 sn(y)? w§=§ezcos(y)bs:n<y)§%y§vvf

(DDEDIDIDIDD

&l
+(cos(y)2b+l)gﬁ ; (- 1+b)sm(y)gﬂy W *+(- 1+b)C°S(y)§ﬂt QQM y

+((oosy 2D+ ) W+ (-1 b) costy) ) B w2 B sy ) E v 2,
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- Py 00y ) ey Soost) +py snty ) sin(t) ) 1 2+ py costy) v Zsin(r)
. & 00 . 0 e
#pysin(y ) cos(f) E£ £ 226 (p, cos(f) +p, sin(F) costy )z /1, - §
. : : @& & 0 &l 00
(cos(y ) P, - Py SNy ) cos() + Py sin(y ) Sn(F)) G E-py sin(f) £ 2+ p, cos(F) o 1 2=

cos(y )% / Ly

(cos(y ) p, - P, Sin(y ) cos(f ) +py sin(y ) Sn(f)) G (py cos(f) + py in(f ) sin(y ) §x v 2

I
Xy

o o

Substitute for % Wq, % va ,and % Wy using the original equations of motion. Then, assume

Wq islarge and the pressure terms (i.e., G(a, b, h, AC’ AT a)) aresmall. Wefind the resulting
| second-order differential equations,

subsODEs := proc(ode, odesubs)
local g, Lg, u, Lu, egn;
egn ;= copy(ode);
if not (isdiff(egn) and 1 < difforder(egn)) then for g in egn do
Lg:=location(egn, q);
if isdiff(q) and difforder(q) = 1 then q := subs( odesubs, q)
elif 1 <nops(q) and not isdiff(u) then q := procname( g, odesubs)
fi;
eqn := subsop(Lq = g, eqn)
od
fi:
eval(eqn)
L end

 Check:
for ii to 3 do factor( subs( odesubs, rhs( eqszii )) - subsODES(rhs( equii ), odesubs)) od

0
0
0

subsODES( egs2, odesubs)
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q 6
b =W, o f =W, %z
U Sgﬂty y'qt 7y

convert( expansion( %, [Wy : V\/f , G], 1), diff)

Collect(%, [ G], factor)
egs2 = invsubs([ op( gsubs), Ihs(op(select( has, gsubs, G))) = G], %)

mat( %)
0
gSIn(Y)gLZ f;:
é It 2
(-1+b) W, gy(fy) g,(f,y) G(a b, h A A @) , 2 u
- -(-1+b)"W_ sin(y)w. U
| g d
Xy u
g2 (1+b)g(f.y)Gabh A A a)g (fy)W, , 2§
P | P (1) W
evt Xy u
é 2 ('.5
& 2 2_
sin(y ) & W =(-1+b)"cos(y )W sin(y)W,
§ i@ 95 ; f
+(-1+b)cos(y)quO(f,y)G(a,b,h,AC,A.I_,a)gZ(f,y)ﬁ
| H
Xy u
."2
Sincqu islarge, we may aso assumeitsrate of changeissmall, hence— W_=0. Thefirst
It

consequence of thisisthat the angular velocity of the inclination, Wy , exhibits simple

harmonic motion: the solution of

&2 0 , 2 (-D)gfy)Gabh AL ALa) gy (fy) W,
— W T+(1-b)"W W + =0
'ﬂtz y= q vy I

g Xy
isjust

collect(subs(w:Wq,go=go(f,y)191:gl(f1Y),
= = = o)
dsolve(SJbS(Wq w,g,(f,y)=9;,94(f.y) =9, /o),Wy)),[_Cl,_CZ],factor)

W =
y

go(f.¥) Gla b h AL AL a) gy(f.y)
W (-1+b)I
q Xy

+_C1cos((-1+b)th) +_CZsin((-1+b)th)
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which is simple harmonic motion with asmall linear drift iny (t). The second consequence
2
stems from either the first or the third equation (both say the same thing). Setting T W_ =0

1t

places a constraint on the value of the longitudinal motion — i.e., the precession rate. We
| then have

subs( select( has, gsubs, g), isolate( rhs( eq523), V\/f ))
precession rate:= %
W =+ ((COS(y)pZ- P sin(y ) cos(f ) +py sin(y ) sin(f)) G(a b, h, A, A, a)

(-sin(y ) p, - cos(y)chos<f)+9n(f)cos<y)px))/<(-1+b)waxysn<y))

To make this expression alittle bit clearer, further assume that the pressure is mainly along
the Z axis— that is, that Py and p, are small. Then this expression becomes

Collectiexpansion(%, [ 1,1) SG(a b, h, A a),p|P| L el factor
P 0[Py Pyl 1), g6(a, B, 1 A A @) B PL G Pzl +
€ g xy a 7]

aee o (cos(y) - sin(y)) (cos(y ) +sin(y)) (py sin(f ) - p,, cos(f)) p, 0

W = ffeosy e - sin(y) 5

5
G(a, b, h AL AL a)%/ ((-1+Db) |waq)

Thus, we have aweak phase dependence on the non-axial pressure components. For the
purely axial case P, = 1, we have

subs(pZ: 1, pX:O, pY:O, %)

cos(y ) G(a, b, h, AC’ AT a)

W =
f (-1+b)1_ W
! Xy q
Finally, the precession for aflat disk of uniform albedo, a =%, AC =A, and A_I_=A, is

®x *& > p 00C
factorgeval gsubsggsubs, a= E AC =A, AT = A %z==

_cos(y)|P[phb®(-1+A)
f (-1+b)W_I
q Xy

Precession Null

ﬂ Numerical
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| We can determine the approximate angles a at which the precession is zero. From

precession rate
W, =- ((cos(y ) p,, - py,sin(y) cos(f) + py sin(y ) sin(f)) G(a, b,h AL, A a)

(-sin(y ) p., - cos(y)chos<f)+sn<f)cos(y)pX))/<<-1+b)waxysn<y))

we see that for V\/f =0 we must have G(a, b, h, AC, AT a) =0. Hence, werequire

rhs(op(select(has, gsubs, G))) 0
p|P| )

(a- b) (-AC+ 1+ 2ACcos(a)2) (sin(fa) h+cos(a)a)(a+h)

sin(a)

2 , cos(a)(a- b)A 0
+ -} : C- Cos(é)(a b)i(a2+ab+b2)+a2h(-1+A_|_)=0
3 sin(a) sin(a) [}

[ latex( %, "d:/dynamics/precession/PrecessionNul [Eq.tex")

B Plots
B Analytic

[ save "d:/dynamics/precession/precession.m"

restart
dias(1 = 1)
dias(y =y (t),g=q(t), f =f(t),WX:WX(t),Wy=Wy(t),WZ=WZ(t),VVf :Wf(t),Wy =Wy(t),

Wq=Wq(t))

read "d:/dynamics/precession/precession.m”
Id, fn, det, size, rows, cols, transpose, inverse, augment, stack, extend, grad, curl, div, laplacian, angle,

I intparts,y, q, f, Wx’ Wy’ Wz’ V\/]c , Wy , Wq

o
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